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1. Notation List
e s, index of the feature of interest
o X, feature of interest as a r.v.
o X. = (X/s,), the rest of the features in as a r.v.
o X = (X, X)) = (X, -+, Xs, -+, Xp), all input features as r.v.
e 1, feature of interest
e X, the rest of the features
o x = (x5,%Xc) = (21, ,Zs, -+ ,xp), all the input features
e X, design matrix/training set
e f(-):RP — R, black box function
o fi(x) = %S;XC), the partial derivative of the s-th feature
e D, dimensionality of the input
e N, number of training examples
e x'. i-th training example
e 2! s-th feature of the i-th training example

e x’, the rest of the features of the i-th training example

fare(zs) : R — R, ALE definition for the s-th feature

fDALE(CES) : R — R, DALE approximation for the s-th feature
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fALE(:L'S) :R — R, ALE approximation for the s-th feature

® z._1, 2k, the left and right limit of the k-th bin

o S, = {x': 2% € [2x_1,2k)}, the set of training points that belong to the k-th bin

e k., the index of the bin that x belongs to

e /iy, DALE approximation of the mean value inside a bin, equals |371k| Y iwic S fs(x%)

e (63)?, DALE approximation of the variance inside a bin, equals ﬁ Y iwics, (fs(x) —
~s)2
0y

2. Derivation of equations in the Background section

In this section, we present the derivations for obtaining the feature effect at the Background.

EXAMPLE DEFINITION.

The black-box function and the generating distribution are:

1—x1—xzo ,ifx1 +220<1
T1,x2) = 1
f(ay,22) {0 , otherwise (1)
1 z1€|0,1],20 =2
X =,y =) = || DU m=m @)
0 otherwise
1 0< I <1
X1 =x1) = - - 3
P 2 {0 otherwise 3)
1 0<z9<1
Xo = x9) = - - 4
p( X 2) {0 otherwise )
p(XQ = a;2|X1 = a;l) = (5(1‘2 — .%'1) (5)

PDPLOTS.
The feature effect computed by PDP plots is:



DALE: DIFFERENTIAL ACCUMULATED LocAL EFFECTS

fPDP(Jfl) =
=Ex[f(z1, X2)]

= f(fﬁl, 562)29(962)5932

z2

1—x1 1
= / (1 — X1 — 1‘2)81‘2 + / 081’2
0 1

—x1

1—x1 1—x1 1—x1 (6)
:/ 161'24—/ —x18w2+/ —22072
0 0 0
2
—(1—a1) —21(1 —21) — (1_;1)
1— 212
R
(1 -m)?
2
Due to symmetry:
1— )2
v = foon(as) = L1 @

MPLoOTS.
The feature effect computed by PDP plots is:

Jue(z1) =
= EX2|X1=I1[f(x17X2)]

= / f(z1, 22)p(22|21) 072

= f(x1,$1) =

N 1*21‘1, Tl SOE)
B 0, otherwise

Due to symmetry:

1—-2x9 22 <05

0, otherwise

y = fup(x2) = {

ALE
The feature effect computed by ALE is:
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fALE(wl) =
:/ IEX2|X1:Z [(;JZC(Z,XQ)] 0z

- /ZO o gﬁ(z’ x2)p(x2‘z)ax282 =
X1 8f

= —(z,2)0z = (10)
20 0%

B fZOI —10z x1 <0.5
fz(z),g) —10z + f;“ 00z x1>0.5

_ —I1 I S 0.5
—05 x1>05

The normalization constant is:

c=—E| fALE 1‘1)]

1 (11)
= —/ —20z —/ —-0.50z
0 0.5

2
075—1—025—0375

Therefore, the normalized feature effect is:

037 —x; 0<x1 <05
¥ = fuzlo) {—0.125 05<m <1 12)
Due to symmetry:
0375 —xz2 0< 129 <0.5
y=fars(w2) {—0.125 0.5 <y <1 (13)
3. First-order and Second-order DALE approximation
In the main part of the paper, we presented the first order ALE approximation as
ka g A
foue(ws) = Az S > fs(x)] (14)

k=1 | k| :x*€S
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For keeping the equation compact, we ommit a small detail about the manipulation of the
last bin. In reality, we take complete Ax steps until the k; — 1 bin, i.e. the one that prepends
the bin where x lies in. In the last bin, instead of a complete Az step, we move only until
the position z. Therefore, the exact first-order DALE approximation is

ke—1
fDALE CUs = Az Z k Z fs
le””ESk (15)
+ (- Z(szl))w Z [fs(x")]

1 ixiESy,

Following a similar line of thought we define the complete second-order DALFE approximation
as

pr—1 qz—1
fDALE(-’El,$m = Az Z Az, Z | ‘ Z fl,m(xl)
k, :X'E€S) 4
1 i
+ (21 = 2(p,—1)) (Tm — Z(qul))ﬁ Z fim(x)  (16)
Podel jixies
Px,qx
4. Second-order ALE definition
The second-order ALE plot definintion is
Jae(zy, 2m) = ¢+ / E x| xX,= 2, Xm=zm [f1.m(%)] 021021, (17)
Zl,min Y Tm,min
2
where f (%) = gxl{?(ail

5. DALE variance inside each bin

In this section, we show that the variance of the local effect estimation inside a bin, i.e.

Var[(i7] equals with (|S’“)| , where (o ) = Var[fs(x)].

Var[fj] = Var[—— ’51@\ E fs(x

10 €Sy,

= (g 2 Vel
i:xt €Sy, (18)
| Skl

— ‘SkPVar[fs(x)]

_ (op)?
|Sk|
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